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Abstract
This study investigates the vibrations of centrifuge-type spindles, modeled as viscoelastic mechanical systems with a finite number of degrees of freedom. The dynamic behavior of these spindles, specifically for viscose fiber spinning, was analyzed based on the structural design of the ZZ-5KA electric drive system. The developed computational model accounts for spindle body oscillations about two axes and the horizontal-plane vibrations of the bobbin mass center. By employing a transformation to two complex coordinates, the mathematical formulation was significantly simplified. Analytical formulas were derived to calculate the system's natural frequencies and the amplitudes of forced vibrations resulting from bobbin imbalance. The research demonstrates that oscillatory motions of the spindle body can provide a vibration damping effect, thereby reducing bobbin displacement amplitudes. Numerical results illustrate the relationship between the displacement amplitudes of spindle elements and the excitation frequency.
Keywords: vibrations, centrifuge-type spindle, viscoelastic mechanical system, natural frequency, forced vibrations, imbalance, amplitude.
1. INTRODUCTION AND SELECTION OF THE CENTRIFUGE-TYPE SPINDLE MODEL
Spindles used in the textile industry typically consist of a flexible shaft with various attachments mounted on a massive base [1, 2]. The dynamics of such cylindrical systems, particularly regarding unsteady deformation and fillers, have been studied in recent works [14]. To enhance rotational speeds and improve productivity, modern spindle designs integrate electric motors directly into the spindle structure. The adoption of these high-speed electric drives has pushed rotational speeds to the range of 8,000–14,000 rpm, substantially increasing the mechanical loads on spindle components. The centrifuge-type spindle remains one of the most productive designs, widely employed in the spinning of viscose fibers.
[image: 09e3e106-067c-44ff-b019-4c4cb3f6b2e0]
Fig. 1. Computational model of the centrifuge-type spindle.
The equations of motion are derived and analyzed for the EB-5KA design, as illustrated in Fig. 1. In this model, 1 denotes the bobbin, 2 the spindle housing, 3 the attachment, 4 the sleeve, 5 the flexible shaft, 6 the stator, 7 the rotor, and 8 the rubber dampers. To improve centering, the flexible shaft is positioned inside the sleeve, which houses the electric motor’s rotor winding. This structural configuration increases shaft length, thereby reducing both effective stiffness and the fundamental natural frequency. Given that the sleeve's stiffness significantly exceeds that of the shaft, the sleeve is assumed to be absolutely rigid, identifying shaft deflections as the primary governing factor in this dynamic analysis.
To derive the equations of motion, the following assumptions are adopted:
· The sleeve containing the flexible shaft and the spindle housing are treated as absolutely rigid bodies.
· The bobbin is rigidly fixed to the shaft attachment, ensuring that bobbin rotation angles about the horizontal axes correspond to the rotation angles of the shaft's end cross-section.
· During steady-state rotation, the shaft maintains no contact with the limiter.
· Vertical vibrations are neglected.
· The mass of the shaft is considered negligible compared to the mass of the bobbin.
· Electromagnetic forces are neglected, based on the assumption of sufficient electric motor power.
	[image: ]
                                    a)
	

[image: ]
b)


Fig. 2. Mechanical model of a centrifuge-type spindle.
The analysis is performed within an absolute coordinate system linked to a fixed base, where the z-axis is oriented vertically, while the x- and y-axes lie in the horizontal plane, coinciding with their initial stationary positions. Based on the design characteristics of the EB-5KA spindle, the primary parameters governing its motion are identified as shaft deflections and the rotation of the spindle housing. This modeling approach was previously established as appropriate for 3B-5KA type designs, facilitating a simplified analytical solution.


We introduce the following generalized coordinates:  representing the displacements of the mug’s center of gravity, and  representing the rotation angles of the spindle body about the x and y axes, respectively. This study incorporates the viscoelastic properties of deformable elements (Fig. 2, element 4). In modern literature, the terms viscoelasticity and hereditary elasticity are often treated as equivalent. The concept of hereditary theory of elasticity was initiated by Vito Volterra. Furthermore, Yury Rabotnov emphasized that this term accurately reflects the physical meaning of elastic aftereffect. The most prominent approaches for describing hereditary phenomena include the standard rheological solid model (Kelvin body) and the weakly singular hereditary body model.
2. PROBLEM STATEMENT AND SOLUTION METHODS

To address the problem, we employ the displacement method, which is widely utilized in engineering practice, alongside d'Alembert's principle. For analytical convenience, an additional relative coordinate system, $x', y', z'$, is introduced, linked to the spindle body and coinciding with the $x, y, z$ system at rest. Let  denote the displacement of the mug's center of gravity in the relative coordinate system. Consequently, the kinematic relationships can be expressed as:











where  represents the roller deflection coefficient,  is the shock absorber sway coefficient, and , where  denotes the roller length and  is the distance of the mug's (with the cake) center of gravity from the roller attachment.


 represent the forces acting on the mug's center of gravity, while  are the moments acting on the spindle body. The dynamic scheme for this analysis is depicted in Fig. 2, where component 1 denotes an equivalent concentrated mass representing the mug and its attachment, 2 is the roller, 3 is the housing, and 4 denotes the elastic elements simulating the shock absorbers. Damping is neglected in this formulation. The governing relationships are defined as:

















where  is the roller deflection stiffness,  is the shock absorber rolling stiffness,  is the total mass of the mug and attachment,  is the angular velocity of the electric motor,  is the moment of inversion of the spindle housing about the horizontal axis passing through its rolling point, and  is the polar moment of inversion of the electric motor rotor [7, 8]. The terms  and  in (6) represent gyroscopic moments generated by the rotor. While  is determined empirically,  can be derived theoretically. Considering the section  to be absolutely rigid, the roller stiffness is calculated as:




where  is the modulus of elasticity and  is the moment of inertia of the roller's cross-section.
Further development of the standard rheological solid model has led to the weakly singular model, which utilizes weakly singular fractional-exponential functions as relaxation and rheological kernels:










where ;  and  are polynomials or power series in ; and  and  are the relaxation and creep coefficients, respectively. Utilizing weakly singular integral equations allows for more accurate determination of deformations during the initial loading phase. This model describes hereditary processes exclusively through integral equations with weakly singular kernels. As an example, Rzhanitsyn [3] proposed a three-parameter relaxation kernel:



A similar kernel for describing the properties of highly elastic rubber was proposed by G. Ya. Slonimsky [5]:



Lagrange equations for hereditary discrete systems. To describe the motion of hereditary systems, one can construct the Lagrange equation in integro-differential form with relaxation kernels. The general equation for the dynamics of a hereditary system consisting of  material points is given by:





where  represents the direction cosine of the reactions , and  denotes the deformation of the rheological elements. The reactions of the hereditary elements are determined by the relaxation equations:







By resolving these equations with respect to the derivatives, a system is obtained for further study. The number of rheological elements in the system is arbitrary. Let the motion of the system be limited by  holonomic constraints. In this case, the motion is determined by  generalized coordinates , and the Cartesian coordinates are represented as functions of these generalized coordinates . Moving to generalized coordinates and eliminating reactions  in the general dynamic equation, we obtain:


In accordance with the procedure adopted in this article, equation (6.1) is transformed into the following system:









Multiplying the second equation (7) by  and adding it to the first, and performing a similar transformation on the third and fourth equations, we write the equations of motion of the spindle in complex form:




where  and . Searching for solutions to system (8) in the form:


By substituting (9) into the equations of motion (8), we obtain the characteristic equation for determining the natural frequencies of oscillation:





Replacing  with  in (10) is equivalent to changing the sign of the term. Consequently, the characteristic curve exhibits branches arranged skew-symmetrically with respect to the main branches, and it is sufficient to consider only the positive roots, assuming .




Critical velocities are defined as values of  that equal the natural frequencies of the rotating shaft. For identical signs of  and , direct precession occurs, whereas differing signs indicate reverse precession. Assuming , the equation for determining critical precession velocities is:







For  derived from (10), we obtain an equation for the inverse precession velocities. In cases where , there exist two critical forward precession velocities and two critical backward precession velocities. Neglecting the value of  compared to  leads to:



Equation (13) provides a simplified analytical form for :




where  is a function of .

Turning to the case of forced vibrations, and considering the rotor shock absorber design, we assume spindle oscillations occur about the horizontal axis passing through the shock absorber center. Frictional resistance is assumed to be proportional to speed. The EB-5KA spindle model considers three primary imbalances: wheel imbalance, oblique wheel fit, and electric motor rotor/bushing imbalances. The impact of dynamic loading in high-speed systems, similar to the high-velocity impact phenomena analyzed in layered structures, plays a critical role in system reliability [15]. Given the large mass distribution of the wheel, its imbalance is considered the dominant factor. Considering the coordinates of the conventional roller end :







where  and  are viscous friction coefficients, and  is the displacement of the mug's center of gravity from the non-rotating roller axis. Taking  as the coordinates of the mug's center of gravity:


Consequently, system (14) transforms to:



For experimental convenience, the movement of the flexible roller center is monitored using the relationships defined in (14) and (15). By substituting these into the equations of motion (1) and (2) relative to , we obtain the governing system:


Or, in complex form:


Expanding the solution of the homogeneous equations (19) in the form (9), we derive the characteristic equation:




Equation (20) for small  and  values is efficiently solved using the small parameter method [11, 12], taking the roots of equation (11) as initial solutions. The amplitudes of forced oscillations due to bobbin imbalance are found by searching for particular solutions to equations (19) in the form:


Substituting (21) into (19) yields a system of two algebraic equations for the oscillation amplitudes, resulting in:










where  and  are dynamic stiffness components, , , and . From expression (22), it is evident that for :


At this frequency, the vibration amplitude of the shaft end becomes zero, as the spindle housing acts as a dynamic vibration absorber, suppressing bobbin oscillations through the rocking motion of the housing. The self-centering conditions are determined by equating the real and imaginary parts of the corresponding expression to zero [13].
	[image: ]
Fig. 3. Time-history response of spindle acceleration under different operating conditions (m/s²).
	[image: ]
Fig. 4. Frequency domain analysis of the mixed signals (Hz).


The numerical results obtained from the dynamic model are illustrated in Fig. 3 and Fig. 4. These figures demonstrate the system's stability and the effectiveness of the damping components under varying operating conditions.
CONCLUSION
This research presented a refined dynamic model for centrifuge-type spindles, employing Lagrange equations in the integro-differential form to account for viscoelastic (hereditary) properties. By analyzing the EB-5KA spindle design, we demonstrated that the spindle housing acts as a dynamic vibration absorber, which significantly mitigates bobbin oscillations during high-speed rotation (8,000–14,000 rpm).
The proposed model provides a practical engineering framework for optimizing spindle design parameters, specifically regarding shock absorber stiffness and mass distribution. These findings contribute to increasing the service life and operational reliability of high-speed textile machinery. Furthermore, the developed methodology for hereditary discrete systems can be effectively applied to the dynamics and control of multi-link manipulators with viscoelastic joints and mobile robotic systems operating on viscoelastic surfaces.
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